Introduction
During last ten years wavelet frames are actively studied in the literature (see [7] [8] [9] [12] [13] [14] [18] [19] [20] 22, 26, 34, 36, 37, 39, 40] and the references therein). They are also of great interest for different engineering applications, especially for signal and image processing (see, e.g., [1, 5, 6, 15] ).
A family of functions { f n } n∈ℵ (ℵ is a countable index set) in a Hilbert space H is called a frame in H if there exist A, B > 0 such that A f
B f
2 for all f ∈ H . An important property of a frame { f n } n in H is the following: every f ∈ H can be decomposed as f = n f ,f n f n , where {f n } n is a dual frame in H . Good approximation properties of the frame decomposition is usually desirable. Finding wavelet functions generating a pair of dual wavelet frames {ψ Though a general scheme for the construction of MRA-based wavelet frames is known, its realization leads to dual wavelet systems but not necessary to dual frames. In particular, it is not easy to provide vanishing moments for all wavelet functions ψ (ν) ,ψ (ν) , which is a necessary condition for the systems {ψ not take care of this and successfully apply such "frames" (which are really not frames) for signal processing (see, e.g., [1] [11] extended this result to a wider class of dilation matrices. The goal of this paper is to study frame-type decomposition for a wide class of compactly supported MRA-based dual wavelet systems {ψ 
for every positive number θ which is greater in modulus than any eigenvalue of M −1 . In particular, we can take θ < 1, then
If F is a 1-periodic (with respect to each variable) function and
The Schwartz class of functions defined on R d is denoted by S, and S is the dual space of S, i.e. the corresponding space of tempered distributions. We shall use the basic notion and facts from distribution theory which can be found, e.g., in [16, 17, 41] 
Note that if f ∈ S is compactly supported, then, due to the Paley-Wiener theorem for tempered distributions,f is an entire function. If f is a function defined on R d , we set
If f ,φ jk has meaning and the series k∈Z d f ,φ jk ϕ jk converges in some sense, we set
and call Q j the scaling operator. 
Preliminaries
For
It is not difficult to see that m ν is a trigonometric polynomial if and only if its polyphase components are trigonometric polynomials.
A method for the construction of MRA-based wavelet frames (Unitary/Mixed Extension Principle) was developed in [36, 37] . To construct a pair of dual wavelet frames one starts with two refinable functions ϕ,φ
and define wavelet functions by
If wavelet functions ψ (ν) 
If wavelet functions ψ (ν) , ν = 1, . . . , r, are defined by (7) andφ(0) = 0, then the V M n property for the corresponding wavelet system can be characterized in terms of the wavelet masks as follows
It is well known that in the case r = m − 1, (8) 
So, to provide a desirable number of vanishing moments for wavelet functions (in particular V M 0 for both wavelet systems) one should have refinable masks m 0 ,m 0 such that (A1) and a similar condition for μ 0k is satisfied. However, this is not enough to satisfy (A2). Note that in the one-dimensional case it is much easier to satisfy (A2) than in the multidimensional case. Construction of univariate dual wavelet frames with vanishing moments was developed, e.g., in [8] .
A method for construction of multivariate refinable masks satisfying (A1), (A2) and an algorithm for matrix extension is given in [39] . Using this method, one can start with any smooth refinable function ϕ with a mask m 0 . Condition (A1) (with n depending of the order of smoothness) is satisfied because of
(See [10, Theorem 10] .) Let t be a trigonometric polynomial, τ k , k = 0, . . . ,m − 1, be its polyphase components. The following conditions are equivalent We say that {ψ
and {ψ
where the series in (9) and (10) converge in some natural sense.
Paper outline
The paper is organized as follows. In Section 2 the scaling operator Q j in different spaces is studied. In particular, the limit of Q j ( f , ϕ,φ) as j → ±∞ in different senses is investigated for arbitrary appropriate functions/distributions ϕ,φ. In Section 3 we assume that ϕ,φ are refinable and consider associated dual wavelet systems {ψ
We investigate if these systems are frame-like or almost frame-like in different situations, and study approximation order of the frame-type decompositions (9), (10) . In Section 4 several examples are presented.
Scaling approximation
First, we study the scaling operators Q j in the space S .
and for any N ∈ N there exists a constant
Proof. By the Paley-Wiener theorem for tempered distributions, there exist N 0 ∈ N and C ϕ > 0 so that
Clearly, it suffices to check (12) for big enough N.
which yields the boundedness of G j for all j ∈ N, and (12) for all N ∈ N and j 0. Since
taking into account (2) and (12), we obtain (11). Besides, we proved that the series
Proof. Letf ∈ S. To prove (a) it suffices to check that the series
Lemma 1 yields that
To prove (b) we should check that
Due to Lemma 1,
where
By change of variable in the first term of the right-hand side of (13), we have
Due to the Paley-Wiener theorem for tempered distributions and (2), there exist positive numbers N,Ñ and C ,C such that
for all ξ ∈ R d and all j > 0. Hence
Since, due to (2),
It follows from Lemma 1 that
Hence, by change of variable and using (14), we have
Thus, due to (2), the second term of the right-hand side of (13) tends to 0 as j → +∞. Similarly, the third and the forth terms also tend to 0. 2
Proof. Due to condition (a) of Theorem 2, we havê
, which proves (16) . The boundedness of G j yields the second statement. 2
Note that identity (16) can be found in the literature for some special cases, in particular, it appears in [9] for the case
,φ is a tempered distribution. We did not see this formula for arbitrary tempered distributions. Next we are going to consider the scaling operator Q j in the spaces L p . First, we give several simple lemmas.
Proof.
The proof of this lemma is evident. 
Since ϕ is compactly supported, there exists only a finite number of k ∈ Z d such that the latter integral not equals zero for at least one j < 0. So, it suffices to check that
Hence, using Lebesgue's dominated convergence theorem, we have This implies (a) because, due to Lemma 4, the series
Similarly,
To prove (b) it remains to apply Lemma 4; to prove (c) it remains to apply Lemma 6. 2
Now we show that condition (c) from Theorem 7 does not hold for
Choose the numbers R and r so that M j B r ⊂ B R for all j < 0. Then for every j < 0 
, and, evidently, the series 
A function/distribution ϕ whose Fourier transform is continuous is said to satisfy the Strang-Fix condition of order n, 
It follows that
Note that all sums in these equalities are finite because ϕ is compactly supported, which approves changes of integration and summation and yields the statement.
Using notations of Lemma 1, set G j (ξ ) = G j (φ, f , ξ). By the Plancherel theorem and Lemma 1,
, taking into account the boundedness ofφ and (11), we have
Combining this with (18), using (12) and the boundedness off ,φ,
After the change of variable the latter integral is reduced to
The integrand tends to |f (ξ )|
Repeating the arguments of the proof of (15) and taking into account the boundedness of
, it is not difficult to see that the integrand has a summable majorant. Thus, by Lebesgue's dominated convergence theorem,
Combining this with (19) completes the proof of (b). 2
It is well known that the shift-invariant space generated by a function ϕ has approximation order n if and only if the Strang-Fix condition of order n is satisfied for ϕ. This fact appeared in the literature in different forms many times (see [2] [3] [4] 29] ). Analyzing the proofs one can see that, in fact, Theorem 10 is not a new result. However we could not find an appropriate formulation implying either necessity or sufficiency of (b). So, we decided to give a direct proof of this theorem.
Wavelet approximation
Above we studied the scaling operators Q j : f → k∈Z d f ,φ jk ϕ jk with arbitrary functions or distributions ϕ,φ. If ϕ,φ are refinable, then there exists a pair of MRA-based dual wavelet systems generated by associated wavelet functions/distributions ψ (ν) ,ψ (ν) , ν = 1, . . . , r. We are interested if this wavelet system is frame-like, i.e. if (9) holds for every function f 
Proof. Evidently, it suffices to prove (20) for the case j = j + 1, i.e. to check that
It follows from the refinable equations for ϕ,φ and (7) that
where h
n are the coefficients of the masks
Substituting (22) into the right-hand side of (21),we obtain
Denote by A l the coefficient at ϕ j+1,l . Using (23), we have
It follows from (6) that
Hence, we obtain A l 0 = f ,φ j+1,l 0 and this yields (21 
but it cannot be replaced by (9) because, generally speaking,
does not tend to zero as j → −∞. The following example illustrates this. Let d = 1, M = 2,φ = ϕ be the δ-function. It is not difficult to see that the δ-function is a compactly supported refinable distribution. If f ∈ S, f 0, 
conditions (25), (26) in Lemma 14 may be replaced by 
where λ is a minimal (in modulus) eigenvalue of M, ε > 0, |λ| − ε > 1, n * n, C and n * do not depend on f and j.
Proof. First of all we note that, due to Theorem 10, the series k∈Z d f ,φ 0k ϕ 0k and
This relation, together with Theorem 10 and Lemma 13, yields (10).
Now we assume that ϕ,φ satisfy all assumptions of Lemma 14. Since the right-hand side of (30) does not depend of the choice of associated wavelet functions, it suffices to check (29) for at least one selection of ψ (ν) ,ψ (ν) , ν = 1, . . . , r. Due to Lemma 14, without loss of generality, we can consider that {ψ
Due to the Paley-Wiener theorem for tempered distributions, there exist N ∈ N and Cφ > 0 so that
using the Plancherel theorem and Lemma 1, we have
Since
Combining (33), (34), (35) with (32), we have
which together with (1) yields that
It remains to combine (36) with (31 
where all parameters are as in (29) . In particular, this holds true for any pair of dual wavelet frames {ψ
(not necessary MRA-based) whenever the functions ψ (ν) ,ψ (ν) are compactly supported and {ψ
is possible to show that in this case n * may be replaced by n.
Due to Lemma 11, under the assumptions of Theorem 16, (10) can be replaced by (24) , but it cannot be replaced by (9) because, generally speaking, Q j (ϕ,φ, f ) 2 does not tend to zero as j → −∞. The following example illustrates this. Let
. It is not difficult to see thatφ and ϕ are refinable. 
of f . Such estimation could be useful for our goals, however there is an additional assumption on ϕ,φ in [27] . They assume some restriction on the order of growth of the functionφ,φ at infinity. And this is just what is not necessary fulfilled under our assumptions. Theorem 16 states that the approximation order of a MRA-based wavelet system is guaranteed by appropriate masks. 
where λ is a minimal (in modulus) eigenvalue of M, ε > 0, |λ| − ε > 1, C does not depend on f and j.
Proof. First of all we note that, due to Theorem 7(a) and Theorem 9(a) the series
converge unconditionally in L p -norm. By Theorem 7(c), Theorem 9(c) and Lemma 11,
This box spline is globally C 2 (see [38] ) and satisfies the refinement equation with the mask ). Letφ be the δ-function. Thenm 0 ≡ 1 and the corresponding polyphase components areμ 00 ≡ √ 2,μ 01 ≡ 0. We construct associated wavelet functions ψ (ν) ,ψ (ν) , ν = 1, 2, using the method given in the proof of Lemma 14. The polyphase matrices N ,Ñ defined by (27) , (28) ) respectively.
The dual wavelet masks and the corresponding wavelet distributions arẽ By Theorem 16, for any f ∈ S, expansion (10) holds in L 2 -norm and looks as follows
Since all assumptions of Lemma 14 are fulfilled with n = 1, this expansion has approximation order 1. Now, using the same refinable function ϕ, we construct an almost frame-like wavelet system providing approximation order 2. Choosing
we have (26) satisfied with n = 2. Again we construct ψ (ν) ,ψ (ν) , ν = 1, 2, using the method given in the proof of Lemma 14.
The polyphase matrices N ,Ñ defined by (27) , (28) (1) , ψ (2) as above.
The dual refinable mask is
Sincem 0 is a trigonometric polynomial,φ is a compactly supported tempered distribution. The dual wavelet masksm 1 
the corresponding dual wavelet distributionsψ (1) ,ψ (2) are defined by (7) . By Theorem 16, for any f ∈ S, expansion (10) holds in L 2 -norm and has approximation order 2. 
This mask was found and investigated by B. Han [21] . The mask is interpolatory, i.e. μ 00 ≡ The corresponding dual wavelet distributionsψ (1) ,ψ (2) defined by (7) are finite linear combinations of the M-scales and integer shifts of the δ-function. By Theorem 16, for any f ∈ S, expansion (10) holds in L 2 -norm and has approximation order 6; the wavelet functions ψ (1) , ψ (2) are in C 2 , ψ (1) ,ψ (1) are symmetric with respect to the origin, ψ (2) ,ψ (2) , are antisymmetric with respect to the origin. Next we construct polyphase matrices N ,Ñ by (27) , (28) , which leads to the wavelet functions 
